Abstract. The goal of this paper is to give a simple proof of Deligne's conjecture on the Lefschetz trace formula (proven by Fujiwara) and to generalize it to the situation appearing in [KV]. Our proof holds in the realm of ordinary algebraic geometry and does not use rigid geometry.
Introduction
Suppose we are given a correspondence X When X is proper, the general Lefschetz-Verdier trace formula [Il, Cor. 4.7] asserts that the trace Tr(RΓ c (u)) equals the sum β∈π 0 (F ix(c)) LT β (u), where F ix(c) := {y ∈ C | c 1 (y) = c 2 (y)} is the scheme of fixed points of c, and LT β (u) is a so called "local term" of u at β. This result has two drawbacks: it fails when X is not proper, and the "local terms" are very inexplicit.
Deligne conjectured that the situation becomes better if X c 1 ←− C c 2 −→ X is defined over a finite field F q , c 2 is quasi-finite, and we twist c 1 by a sufficiently high power of the geometric Frobenius morphism. More precisely, he conjectured that in this case the Lefschetz-Verdier trace formula holds also for a non-proper X's, F ix(c) is finite, and for each y ∈ c
In a joint project [KV] with David Kazhdan on the global Langlands correspondence over function fields we needed a generalization of Deligne's conjecture. Namely, instead of assuming that c 1 is proper we assumed that there exists an open subset U ⊂ X such that c 1 | c −1 1 (U ) is proper, X U is "locally c-invariant", and F vanishes on X U. In this case, u still gives rise to an endomorphism RΓ c (u), and the main result of the present work asserts that the conclusion of Deligne's conjecture holds in this case.
The strategy of our proof is similar to that of [Pi] and [Fu] : first we reduce the problem to vanishing of local terms LT β , then we make the correspondence "contracting" by twisting it with a sufficiently high power of Frobenius, and finally we show the vanishing of local terms for "contracting" correspondences.
Our approach differs from that of Fujiwara in two respects. First of all, our notion of a "contracting" correspondence is much simpler both to define and to use. Namely, we use the most naive notion of an "infinitesimally" contracting correspondence, which has a simple geometric description in terms of a "deformation to the normal cone". As a result, our bound on the power of Frobenius is sharper and more explicit.
Secondly, to prove a generalization of Deligne's conjecture described above, we work "locally". More precisely, as in [Pi] , to show the vanishing of "local terms", we first show the vanishing of so called "trace maps", from which "local terms" are obtained by integration.
Finally we would like to emphasize that our result is ultimately an assertion about the geometry of correspondences and not about sheaves. Also our proof applies without any changes to more general situations like compactifiable algebraic spaces or Deligne-Mumford stacks.
Notation and conventions
Throughout the paper, all schemes will be separated schemes of finite type over a separably closed field k. We fix a prime l, invertible in k, and a commutative ring with identity Λ, which is either finite and is annihilated by some power of l, or a finite extension of Z l or Q l .
To each scheme X as above, we associate a derived category D b ctf (X, Λ) of complexes of Λ-modules of finite tor-dimension with constructible cohomology. This category is known to be stable under the six operations f * , f ! , f * , f ! , ⊗ and RHom. For each X as above, we denote by π X : X → Spec k the structure morphism, by K X = π ! X Λ the dualizing complex of X, and by D = RHom(·, K X ) the Verdier duality functor. We also write RΓ c (X, ·) instead of π X! . For an embedding f : Y ֒→ X, we will write ·| Y instead of f * .
For a closed subscheme Z ⊂ X, denote by I Z ⊂ O X the sheaf of ideals of Z. For a morphism f : X ′ → X, denote by f −1 (Z) the schematic inverse image of Z, i.e., the closed subscheme of X ′ such that
where f · is the pullback map for functions. We will also identify a closed subset of X with the corresponding closed reduced subscheme.
Let F q be an algebraic closure of the finite field F q . We say that an object X over F q is defined over F q , if it is a pullback of the corresponding object over F q .
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1.1.4. Endomorphism on the cohomology. Let c and u be as in 1.1.1. a) Assume that c 1 is proper. Then u induces a morphism 
1.1.5. Twisting of correspondences. For a scheme X/F q , which defined over F q , we denote by Fr X = Fr X,q : X → X the geometric Frobenius morphism. For a correspondence c : C → X 1 ×X 2 defined over F q and an integer n ∈ N, we denote by c (n) the correspondence (c
and denote by ∆ ′ : F ix(c) ֒→ C and c ′ : F ix(c) → X the inclusion map and the restriction of c, respectively. We call F ix(c) the scheme of fixed points of c.
1.1.7. Quasi-finite case. Let c : C → X × X be a correspondence such that c 2 is quasi-finite, and let u :
If f is quasi-finite, we denote by ram(f ) (the ramification degree of f ) the maximum of ram(f, x), where x runs over the set of all closed points of X. Now we are ready to formulate our main result. 
we have an equality
Tr(u y ).
c) In the notation of b)
, assume that X and C are proper. Then
2 (U ) ), ram(c 2 , X U)} satisfies the conclusion of b). Remark 1.2.3. a) Note that both sides of (1.1) are well-defined. Namely, RΓ c (u) was defined in 1.1.4 b), u y was defined in 1.1.7, and the sum is finite by a).
b) In the notation of 1.2.2 b), assume that F ∈ D b ctf (X, Λ) is equipped with a morphism ψ : Fr * X F → F (say, F is a Weil sheaf) and with a c-morphism
1 ) * F → F , so one can apply formula (1.1). In the case U = X, the assertion thus reduces to Deligne's conjecture proven by Fujiwara [Fu] .
c) The constant d in 1.2.2 b) can be made explicit. Namely, one can see from the proof that the picture can be compactified, and then 1.2.2 c) gives an estimate for d.
Proof of the Main Theorem
2.1. Push-forward of cohomological correspondences.
Definition 2.1.1. By a morphism from a correspondence c :
2.1.2. Construction. In the notation of 2.1.1 assume that either (i) the left hand square of (2.1) is Cartesian, or (ii) morphisms f 1 and f ♮ are proper, or (iii) morphisms c 1 and b 1 are proper.
In all these cases, we have base change morphisms BC :
2.1.3. Example. For each correspondence c, there is a structure morphism [π] c from c to the trivial correspondence c tr : 
, where the first map is defined in [Il, (3.1 .1) and (3.2.1)] using the standard identification RHom(A, B) ∼ = ∆ ! (DA ⊠ B), the second one is induced by the map DF ⊠ F → ∆ * K X , adjoint to the evaluation map ∆ * (DF ⊠ F ) = DF ⊗ F → K X , and the last one is the base change isomorphism c
which we call the trace map. b) For an open subset β of F ix(c), we denote by
the composition of T r and the restriction map
F is just a bounded complex of finitely generated free Λ-modules (modulo homotopy), and the trace map T r ctr coincides with the usual trace map Hom(F , F ) → Λ.
Remark 2.2.3. Our trace map is equivalent to the map ·, Id , where
is the pairing, associated by Illusie [Il, (4.2.5 )], to a pair of correspondences c : C → X × X and ∆ : X → X × X. However, our notion is more elementary.
As in [Il, Cor. 4.5] , the trace maps commute with proper push-forwards.
is proper as well, and for every c-morphism
Applying the proposition to the case when X and C are proper over k and [f ] is the structure morphism [π] c of 2.1.3, we deduce the well-known Lefschetz-Verdier trace formula ( [Il, Cor. 4.7] ). Proof. a) and b) follow from definitions, c) follows from a) and b).
Example.
If c 2 is quasi-finite, then every closed point x ∈ X is locally cinvariant. Indeed, U := X [c 1 (c −1
is the required open neighborhood. As a result, every closed point x ∈ X is locally c-invariant in a neighborhood of fixed points. Definition 2.3.4. Let c : C → X × X be a correspondence. We say that a correspondence c : C → X × X is a compactification of c, if X and C are proper over k, C ⊂ C and X ⊂ X are open subsets, and c is the restriction of c. b) In general, let W = W (Z) ⊂ C be as in Lemma 2.3.2 a). Then Z is c| Winvariant, and we denote the correspondence (c| W )| Z defined in a) simply by c| Z . Moreover, by 1.1.3, u restricts to a c| W -morphism u| W , hence by a) to a c| Z -morphism
2.3.7. Example. If c 2 is quasi-finite, and Z is a closed point x, then c| Z = c| x is the correspondence c −1
2 (x), the restriction of u| x to {y} → {x} × {x} equals the endomorphism u y : F x → F x defined in 1.1.7. Using 2.2.2 we see that LT y (u| x ) = Tr(u y ).
Contracting correspondences.
Definition 2.4.1. Let c : C → X × X be a correspondence, and Z ⊂ X a closed subscheme. a) We say that c stabilizes Z, if c 1 (c −1
We say that c is contracting near Z, if c stabilizers Z and there exists n ∈ N such that c
) We say that c is contracting near Z in a neighborhood of fixed points, if there exists an open neighborhood
Remark 2.4.2. a) A geometric characterization of a contracting correspondence will be given in Remark 3.3.5. b) If a correspondence c is contracting near Z, then c rig is contracting near Z rig in the sense of [Fu, Def. 3.1.1] . Furthermore, it is likely that the two notions are equivalent.
The proof of the following crucial result will occupy Section 3. To apply the result, we will use the following lemma. and the fact that for every closed point x of X, the set F ix(c| x ) is finite.
Proof of c)
. By Corollary 2.2.5, we have an equality
Pick any β ∈ π 0 (F ix(c (n) )) such that c 2 (β) ⊂ X U. Since q n > ram(c 2 , X U), we conclude from Lemma 2.4.4 a) and Theorem 2.4.3, that β is a connected component of F ix(c| (n) X U ), and LT β (u) equals LT β (u| X U ). As F | X U = 0, we get that LT β (u| X U ) = 0, hence also LT β (u) = 0.
Pick now any by a) ). Moreover, by Lemma 2.4.4 b), Theorem 2.4.3 b) and 2.3.7, LT β (u) equals LT y (u| x ) = T r(u y ). This shows that the right hand side of (2.5) is equal to that of (1.1), as claimed. 
We claim that the equality (1.1) for c, U and u is equivalent to that for c, U and u. Indeed, since [π] 
, the equality Tr(RΓ c (u)) = Tr(RΓ c (u)) follows from 2.1.3, while the equality Tr(u y ) = Tr(u y ) for all y ∈ F ix(c (n) ) ∩c ′−1 (U) is clear. Now the assertion follows from part c) of the theorem proven above.
Local terms for contracting correspondences.
This section is devoted to the proof of Theorem 2.4.3.
3.1. Additivity of the trace maps.
Notation 3.1.1. Let c : C → X × X be a correspondence, u : c 2! c * 1 F → F a c-morphism, and Z ⊂ X a c-invariant closed subset. a) Let c| Z and u| Z be as in 2.3.6 a), and let [i] Z be the closed embedding of c| Z into c. Then [i] Z satisfies assumption (ii) of 2.1.2, hence u gives rise to a c-morphism
2 (U), and we denote by c| U : c −1 As in [Pi, Prop. 2.4.3] and [Il, 4.13] , the trace maps are additive.
Proposition 3.1.2. In the notation of 3.1.1, we have an equality
3.2. Specialization. Notation 3.2.1. For a scheme X over k, set X A := X × A 1 . For a morphism f : X → Y of schemes over k, set f A := f ×Id A 1 : X A → Y A . For a scheme X over A 1 , we denote by X s its fiber over 0 ∈ A 1 , and denote by Ψ X :
ctf ( X s , Λ) the corresponding functor of nearby cycles.
Specialization functor.
a) We say that a scheme X over A 1 lifts a scheme X over k, if it is equipped with a morphism ϕ = ϕ X : X → X such the corresponding morphism X → X A = X ×A 1 is an isomorphism over A 1 {0}. In this case, we define a functor
We say that a morphism f : X → Y of schemes over A 1 lifts a morphism f : X → Y of schemes over k, if X lifts X, Y lifts Y , and ϕ Y • f = f •ϕ X . In this case, we have base change morphisms
by the corresponding base change morphisms for Ψ.
3.2.3. Examples. a) If X = X A and ϕ is the projection map, then X s = X, and the functor sp X is isomorphic to the identity functor. b) If f : X → Spec k and f : X → A 1 are the structure morphisms, then the composition
, which we will denote simply by sp X .
Specialization of correspondences. Let
lifting c, and c s the fiber of c over 0 ∈ A 1 . Then u gives rise to a c s -morphism
As in [Fu, Prop. 1.7 .1], the trace maps commute with the specialization.
Proposition 3.2.5. In the notation of 3.2.4, assume that c extends to a lifting of some compactification c : C → X × X of c. Then we have an equality
3.3. Deformation to the normal cone.
We will apply the specialization in the following particular case.
Notation 3.3.1. Let X be a scheme over k, Z ⊂ X a closed subscheme. a) Denote by X Z the spectrum of the O X -subalgebra O X [t,
] gives rise to the birational projection ϕ :
is the normal cone of X to Z, which we denote by N Z (X).
c) The projection O X [t,
defines a closed embedding ι : Z A ֒→ X Z . The special fiber ι s : Z ֒→ N Z (X) identifies Z with the zero section of N Z (X). d) Since sp Z A is the identity functor (see 3.2.3), the map BC * (from 3.2.2) for the embedding ι from c) defines a morphism
The following property of the deformation to the normal cone, proven in [Ve, §8, (SP5)], is crucial for the whole proof.
Lemma 3.3.2. The morphism (3.2) is an isomorphism.
The following lemma is straightforward.
Lemma 3.3.3. Let f : X 1 → X 2 be a morphism of schemes over k, Z 2 ⊂ X 2 a closed subscheme, and Z 1 a closed subscheme of
3.3.4. Deformation of correspondences. Let c : C → X × X be a correspondence, and Z ⊂ X a closed subscheme. Then by Lemma 3.3.3, c lifts to a correspondence c Z : C c −1 (Z×Z) → X Z × X Z . Moreover, if c : C → X × X is a compactification of c, and Z ⊂ X is the closure of Z, then correspondence c Z extends c Z and lifts c. In particular, Proposition 3.2.5 holds for c and c Z . Choose an open neighborhood W ⊂ C of F ix(c) such that c| W is contracting near Z. Replacing c by c| W , we can assume that c is contracting near Z. Moreover, replacing further C by an open subset C [F ix(c) β] we can assume that F ix(c) = β, hence T r β = T r c . For the proof we apply the construction of 3.3.4.
3.4.1. Proof of a). By Remark 3.3.5, the image of ( c Z ) 1s is supported at Z ⊂ N Z (X). Since F ix(c) c ′−1 (Z) is a closed subscheme of F ix( c Z ), the image of c 
